






ψ ω



(ω, ψ)

2π

3/2

∂t ω + B(%u , ω) =
1

Re
∆ω

ω = −∆ψ

%u = (u, v)

u = ∂yψ

v = −∂xψ
B(%u , ω) := %u ·∇ω

2π (ω, ψ)



φ(x, y, t) =
1

4π2

∑

−K≤ k1,k2≤K

φ̂k1,k2(t)ei (k1x+k2y)

φ ω ψ

k := k1, k2 x := x, y k1x + k2y = k ·x

(ω,ψ)

(1 + ε)ωn+1 − 2εωn − (1− ε)ωn−1

2∆t
+

[
γ1B

n+1 + γ2B
n + (1− γ1 − γ2)Bn−1)

]

=
1

Re
∆

[
θ1ω

n+1 + θ2ω
n + (1− θ1 − θ2)ωn−1

]

ωn Bn ω B(%u , ψ) n∆t

ε/2 = 2γ1 + γ2 − 1 = 2θ1 + θ2 − 1

2nd

ε = 2, γ1 = 0, γ2 = 2, θ1 = 1, θ2 = 0
k

3ω̂n
k − 4ω̂n

k + ω̂n−1
k

2∆t
+

[
2B̂n+1

k − B̂n−1
k

]
=

1
Re

k2 ω̂n+1
k

k2ψ̂n+1
k = ω̂n+1

k

k2 := |k|2 = k2
1 +k2

2

(n + 1)∆t

B̂n
k %u ·∇ω

ω̂n
k ψ̂n

k

(
ûn+1
k , v̂n+1

k

)

ûn+1
p = i p2 ψ̂n+1

p

v̂n+1
p = −i p1 ψ̂n+1

p



∂x ω̂n+1
q = i q1 ω̂n+1

q

∂y ω̂n+1
q = i q2 ω̂n+1

q

ω(0) ψ(0)

ω̂0
k := ω̂k(0)

ψ̂0
k := ψ̂k(0)

2nd

(∆tk) (∆tk+1) t = m∆t m ≪ 1
1st

ω̂0
k ψ̂0

k B̂0
k

n = 0 ω̂−1
k ψ̂−1

k

ω̂1
k ψ̂1

k

ω̂−1
k ≡ ω̂0

k ψ̂−1
k ≡ ψ̂0

k B̂−1
k ≡ B̂0

k)

k

ω̂1
k − ω̂0

k
2
3∆t

+ B̂0
k =

1
Re

k2 ω̂1
k

k2ψ̂1
k = ω̂1

k



(ω, ψ)

B̂n
k

[0, 2π] × [0, 2π]

xι := (xi, yj) =

(
2πi

N
,
2πj

N

)

i, j ∈ 1, . . . , N N ≡ 0 ( 4) h := 2π
N

t

φ(xι, t) =
1

4π2

∑

−K≤k≤K

φ̂k(t)ei k·xι

φ̂k(t)

1
4π2

N∑

ι=1

e
2πi
N (k−l)·ι =






1
h2 k− l = mN, m ∈ Z,

0



l :=
(
l1, l2

)
ι i, j

k − l = mN k − l = mN(1, 1)

e−i l·xι ι = 1, . . . , N

φ̂k(t) = h2
N∑

ι=1

φ(xι, t)e−i k·xι −K ≤ k ≤ K

kα − kβ ≡ 0
(

2π
h

)

eikα·xι = eikβ ·xιe2πi δ·λ = eikβ ·xι

δ,λ ∈ Z2

2π/h k
2π/h k ∈

(
−π

h , π
h

]2

k1, k2 ∈ {−N/2 + 1,−N/2 + 2, . . . , 0, 1, . . . , N/2}

K = N/2

φ(x, t) =
1

4π2

∑

−K+1≤k≤K

φ̂k(t)ei k·x

φ(xι, t) =
1

4π2

∑

−K+1≤k≤K

φ̂k(t)ei k·xι

φ̂k(t) = h2
N∑

ι=1

φ(xι, t)e−i k·xι −K + 1 ≤ k ≤ K

N

O(N log N)
N × N

(A ) N × N

Â := {âk1,k2} k1 k2 0, 1, . . . , N/2,−N/2+1, . . . ,−1

φ̂K,k2 φ̂K,k2

φ̂K,k2ei (Kx+k2y)

φ̂k1,Kei (k1x+Ky)



φ̂−K,k2ei (−Kx+k2y)

φ̂k1,−Kei (k1x−Ky)

0

B̂n
k

(1969, 1970, 1971)
(1970)

B̂n
k :=

̂[
u∂xω + v∂yω

]n

k
=

∑

p+q=k
−K+1≤p,q≤K

ûn
p∂̂xω

n

p +
∑

p+q=k
−K+1≤p,q≤K

v̂n
p∂̂yω

n

q

−K + 1 ≤ k ≤ K O(N3)

O(N2)
O(N2 log N)

ĉk :=
∑

p+q=k
−K+1≤p,q≤K

âpb̂q −K + 1 ≤ k ≤ K

ĉ :=
{
ĉk

}
â :=

{
âp

}
b̂ :=

{
b̂q

}

â b̂

Ĉ ĉ



a := (â) b :=
(
b̂
)

C := a. ∗ b

Ĉ :=
(
C

)

Ĉ ĉ

Ĉk = h2
N∑

ι=1

c(xι)e−i k·xι

= h2
N∑

ι=1

(
∑

−K+1≤p≤K

âpei p·xι

)(
∑

−K+1≤q≤K

b̂qei q·xι

)
e−i k·xι

= h2
N∑

ι=1

∑

−K+1≤p,q≤K

âpb̂qei (p+q−k)·xι

= h2
∑

−K+1≤p,q≤K

âpb̂q

N∑

ι=1

ei (p+q−k)·xι

= h2
∑

−K+1≤p,q≤K

âpb̂q

N∑

ι=1

e
2πi
N (p+q−k)·ι

=
∑

p+q=k
−K+1≤p,q≤K

âpb̂q +
∑

p+q=k±N
−K+1≤p,q≤K

âpb̂q

= ĉk +
∑

p+q=k±N
−K+1≤p,q≤K

âpb̂q −K + 1 ≤ k ≤ K

Ĉ

â b̂

ĉ



K ′ := 3K/2

â b̂ â′ b̂′

â′p =





âp1, p2

−K + 1 ≤ p1, p2 ≤ K,

0 −K ′ + 1 ≤ pr ≤ K, K < pr ≤ K ′ r ∈ {1, 2}

b̂′q =





b̂q1, q2

−K + 1 ≤ q1, q2 ≤ K,

0 −K ′ + 1 ≤ qs ≤ K, K < qs ≤ K ′ s ∈ {1, 2}

a′ := (â′) b′ :=
(
b̂′

)

C ′ := a′. ∗ b′

Ĉ ′ :=
(
C ′) 2K ′

ĉ 2K Ĉ ′

ĉk =
{

Ĉ ′
k1, k2

−K + 1 ≤ k1, k2 ≤ K

ĉ

N ′ := 2K ′

Ĉ ′
k =

∑

p+q=k
−K′+1≤p,q≤K′

â′pb̂′q +
∑

p+q=k±N ′

−K′+1≤p,q≤K′

â′pb̂′q −K + 1 ≤ k ≤ K

Ĉ ′
k = ĉk +

∑

p+q=k+N ′

−K+1≤p,q≤K

â′pb̂′q +
∑

p+q=k−N ′

−K+1≤p,q≤K

â′pb̂′q −K + 1 ≤ k ≤ K

0

q = 2K ′ + k− p = 3K + k− p

> 3K −K + 1−K

> K

q = −2K ′ + k− p = −3K + k− p

< −3K + K + K − 1 = −K − 1

< −K + 1



B̂0 :=
{

B̂0
k

}

−K+1≤k≤K

ω̂0 :=
{

ω̂0
k

}

−K+1≤k≤K
ψ̂0 :=

{
ψ̂0

k

}

−K+1≤k≤K

ω̂0 (ω0) ω0 :=
{

ω0(xι)
}

ι=1,...,N

ψ̂0
k k k = 0

B̂0

û0 :=
{

i p2 ψ̂0
p

}

−K+1≤p≤K
v̂0 :=

{
−i p1 ψ̂0

p

}

−K+1≤p≤K

ψ

B̂n :=
{

B̂n
k

}

−K+1≤k≤K



ω0(x) + ω′(x)

ω0(x) =
1
4π

e−|x|2/4

ω′(x) =
δ

4π
e−|x|2/4 cos mθ

ω0 ω′ θ := (x)



δ = 0.25 Re = 104 Re = Γ/ν

(ω,ψ) 2π

[0, 2π] × [0, 2π]
0

x =⇒ ϕ(x) := C(x− x0)

C ≥ 3 ω0(ϕ(x)) ω′(ϕ(x))

Cω0(ϕ(x)) Cω′(ϕ(x)) C

δ = 0.5 Re = 104

(ω,ψ) 106 N = 103

∆t = 0.1 ∆t1 = 10−8



δ = 0.5 Re = 104

t = 0, 100, . . . , 800














